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Gauge Theory

In Quantum Mechanics, a state |Ψ〉 is indistinguishable to e iφ|Ψ〉.
Similar for QFT

if Ω(x) ∈ G for a Lie group G, and Ta(R) its generators in a
representation R, then under this Gauge transformation Ω

I ψ → Ωψ
I matters and gauge field interact through covariant derivative,

Dµψ
i = ∂µψ

i − iAa
µ[T a(R)]ijψ

j

This makes the derivative transform as the matter field Dµψ → ΩDµψ
I Aµ → ΩAµΩ−1 + Ω∂µ(Ω−1)

Ming Yang (University of Cambridge) Lattice QCD and SU(3) Gauge October 12, 2021 3 / 15



Examples

U(1) local gauge symmetry in QED
for Ω(x) = e iω(x) ∈ U(1),

L = −1

4
FµνF

µν + ψ̄(iγµDµ −m)ψ (1)

is invariant under Aµ → Aµ − ∂µω, ψ → e−iωψ

SU(3) local gauge symmetry in QCD
for Ω(x) ∈ SU(3),

L = −1

4
F a
µνF

µν
a + Σqψ̄

q
i (iγµ(Dµ)ij −m)ψq

j (2)

where F a
µν = ∂µA

a
ν − ∂νAa

µ + gf abcAb
µA

c
ν

The Lagrangian is invariant under ψ → Ω(x)ψ,
Aµ → Ω(x)AµΩ(x)−1 + iΩ(x)∂µΩ(x).
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QCD Hamiltonian

Sign problem in Lagrangian formalism

S [φ] =

∫
Ldt =

∫
L(φ, ∂µφ)d4x (3)

Adopt Hamiltonian formalism:
π(x) = ∂L

∂φ̇(x)
, H =

∫
[π(x)φ(x)− L]d3x

in Weyl Gauge A0 = 0,

H =

∫
ddx [−iψ̄γiDiψ + mψ̄ψ + 1/2(E 2 + B2)] (4)

where Ba
k = εklm(∂lA

a
m − g/2f abcAb

l A
c
m)
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Lattice QCD: Kogut-Susskind formulation

Wilson line&Wilson loop
U[xi , xf ;C ] = Pexp(i

∫ xf
xi

A); U[xi , xf ;C ]→ Ω(xi )U[xi , xf ;C ]Ω†(xf )

W [C ] = trPexp(i
∮
A) gauge invariant

Discretize in space:

H = HI + HM + HE + H� (5)

where
HI = −tΣx ,i (ψ

†
xUx ,iψx+i + h.c.)

HM = mΣx(−)xψ†xψx

HE = g2
e /2Σx ,iE

2
x ,i

HB = g2
m/2Σx ;i 6=j∈{1,2,...d}(�x ,i ,j) + h.c .

(6)

where the plaquettes �x ,i ,j = Ux ,iUx+i ,jU
†
x+j ,iU

†
x ,j .
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Schwinger Boson Formulation

Problem with Kogut-Susskind: nonlocal nonabelian gauge freedom in
Wilson line

Idea: splitting the line into right and left part. Each part transforms
as the site nearby.

I [E a
L (n, i),U(n, i)] = T aU(n, i); [E a

R(n, i),U(n, i)] = U(n, i)T a

I Abelian constraints: E a
LE

a
L = E a

RE
a
R at each link

algebra is the same as bosonic field.
creation/annihilation operators are similar to raising/lowering
operators in SU(2)

SU(2): 2d generators near a site {al}l=L,R

SU(3): 12d generators near a site {al , bl}l=L,R
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Loop, String and Hadron

Idea of LSH: combine sites to form locally gauge invariant states to
remove nonabelian gauge

only residue abelian gauss law

reformulation of Hamiltonian into gauge-invariant operators
I loop: pure gauge field
I string: gauge field+fermionic field
I hadron: fermionic field
I number
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LSH in SU(3)

Complexity in Schwinger Boson representation in SU(3): reducible
representation

projected to irreducible representation with the new operators

LSH operators
I loop
I string
I hadron(mesons, baryons)
I number operator

gluon site: gauge loop operators
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LSH operators in SU(3)-pure gauge field loop

L++
ab = a†(R)αb

†(L)α

L−−ab = a(R)αb(L)α = (L++
ab )†

L++
ba = b(R)αa(L)α

L−−ba = b†(R)αa†(L)α = (L++
ba )†

L+−
b = b†(R)αb(L)α

L−+
b = b(R)αb

†(L)α = (L+−
b )†

L+−
a = a†(R)αa(L)α

L−+
a = a(R)αa†(L)α = (L+−

a )†

(7)
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LSH operators in SU(3)-pure gauge field loop

La+b+
ij = a†(i) · b†(j)

La−b−ij = a(i) · b(j)

La+a−
ij = a†(i) · a(j)

La−a+
ij = a(i) · a†(j)(La+a−

ij )†

Lb+b−
ij = b†(i) · b(j)

Lb−b+
ij = b(i) · b†(j) = (Lb+b−

ij )†

(8)

A†ijk = εαβγa†α(i)a†β(j)a†γ(k)

Aijk = εαβγa
α(i)aβ(j)aγ(k)

B†ijk = εαβγb
†α(i)b†β(j)b†γ(k)

B†ijk = εαβγbα(i)bβ(j)bγ(k)

(9)

Ming Yang (University of Cambridge) Lattice QCD and SU(3) Gauge October 12, 2021 10 / 15



LSH operators in SU(3)-string operators

Sb,3+
in = b(R)αψ

†α

Sb,3−
in = b†(R)αψα = (Sb,3+

in )†

Sa,3−
in = a†(R)αψ

α

Sa,3+
in = a(R)αψ†α = (Sa,3−

in )†

Sb,3̄+
in = b†(R)αψ†α

Sb,3̄−
in = b(R)αψ

α = (Sb,3̄+
in )†

Sa,3̄−
in = a(R)αψα

Sa,3̄+
in = a†(R)αψ

†
α = (Sa,3̄−

in )†

(10)
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LSH operators in SU(3)-hadron operators

H++ = − 1

2!
ψ†αψ†βη

β
α

H−− =
1

2!
ψαψ

βηαβ = (H++)†
(12)
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LSH operators in SU(3)-number operators

gauge flux operators
NL = a†(L) · a(L)

NR = a†(R) · a(R)

ML = b†(L) · b(L)

MR = b†(R) · b(R)

(13)

quark number operator
Nψ = ψ†aψa

Nψ̄ = ψ†aψ
a

(14)
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Further work

finish the commutation relation between the operators

rewrite Kogut-Susskind Hamiltonian in LSH operators

develop quantum simulation algorithms for SU(3) LGT from this
formulation
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