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Gauge Theory

o In Quantum Mechanics, a state |W) is indistinguishable to e/?|W).

@ Similar for QFT

e if Q(x) € G for a Lie group G, and T,(R) its generators in a
representation R, then under this Gauge transformation Q
> Y=y
» matters and gauge field interact through covariant derivative,
D = .4 — A3 [ T*(R)|ia
This makes the derivative transform as the matter field D,y — QD 9
» A, — QAQT+Q0,(Q7Y)
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Examples
@ U(1) local gauge symmetry in QED
for Q(x) = e~ € U(1),

1

EZ—Z

Fuw F* + (iv* Dy, — m)y (1)

is invariant under A, — A, — 0w, ¥ — e~ %y
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Examples

@ U(1) local gauge symmetry in QED
for Q(x) = () € U(1),

L= —%F#,,FW + (iv* Dy — m) (1)

is invariant under A, — A, — 0w, Y — e7'“7

@ SU(3) local gauge symmetry in QCD
for Q(x) € SU(3),

. _
— 2 Fin F3¥ + Zqf (iV"(Dy)jj — m)¢] @

L= 2w

where F3, = 0,A% — 0,A2 + gf e AL A

The Lagrangian is invariant under ¢ — Q(x),
A = Qx)AQx) T+ iQ(x)0,Q(x).
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QCD Hamiltonian

@ Sign problem in Lagrangian formalism
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QCD Hamiltonian

@ Sign problem in Lagrangian formalism

Stol = [ Lot = [ £(6.0,0)d% 3)
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QCD Hamiltonian

@ Sign problem in Lagrangian formalism

@ Adopt Hamiltonian formalism:

m(x) = 6¢() H = [[r(x)¢(x) — L]d®x
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QCD Hamiltonian

@ Sign problem in Lagrangian formalism

o Adopt Hamiltonian formalism:
m(x) = 6¢( X H = [[r(x)¢(x) — L]d®x
o in Weyl Gauge Ag =0,
H = / d?x[—ipy' Dinp + mipp + 1/2(E? + B?)] (4)

where B? = exim(9)AZ, — /2P APAS)
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Lattice QCD: Kogut-Susskind formulation

@ Wilson line&Wilson loop
Ulxi, xr; C] = Pexp(if;:f A); Ulx;, x¢; C] — Q(x;)U[xi, xr; C]QT (x¢)
WI[C] = trPexp(i § A) gauge invariant
@ Discretize in space:
H = H; + Hy + He + Ho (5)
where
Hl = _tzx,i('(blux,i"l]x—i—i + hC)
Hm = mZX(_)XwIwX (6)
Heg = ge2/2ZX,I'E)%l
Hg = g5/2%xizjci12,..a1(Ox,ij) + h.c.

where the plaquettes [, ; i = UX,UX+,,JUX+J ,Uj:d
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Schwinger Boson Formulation

@ Problem with Kogut-Susskind: nonlocal nonabelian gauge freedom in
Wilson line
@ ldea: splitting the line into right and left part. Each part transforms
as the site nearby.
» [ER(n, i), U(n, )] = T2U(n,i); [ER(n,i), U(n,i)] = U(n,i)T?
» Abelian constraints: EfE] = EZEZ at each link
@ algebra is the same as bosonic field.
creation/annihilation operators are similar to raising/lowering
operators in SU(2)
@ SU(2): 2d generators near a site {a;}/=1 r

@ SU(3): 12d generators near a site {a, b} /=1 r
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Loop, String and Hadron

@ Idea of LSH: combine sites to form locally gauge invariant states to
remove nonabelian gauge
@ only residue abelian gauss law
o reformulation of Hamiltonian into gauge-invariant operators
> loop: pure gauge field
string: gauge field+fermionic field

»
» hadron: fermionic field
» number
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LSH in SU(3)

Complexity in Schwinger Boson representation in SU(3): reducible
representation

projected to irreducible representation with the new operators
LSH operators

> loop

> string

» hadron(mesons, baryons)

» number operator

gluon site: gauge loop operators
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LSH operators in SU(3)-pure gauge field loop

L3t = al(R)ab(L)”

L, =a(R)*b(L)a = (L;Lt;r)T

L = b(R)aa(L)*

Lo = bl(R)*a (L) = (L)

Ly~ = b'(R)*b(L)a

L™ = b(R)ab (L) = (L;7)!

LI~ =a'(R)qa(L)
)

a a “
L7 =a(R)*a(L

a

a = (Lj_)T
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LSH operators in SU(3)-pure gauge field loop

L2+5 = ai(7) - b1())
12707 = a(i) - b())
2+ = al(i) - a()

8
272 = a(i) -l )27 ®
Lb“’——b*() b())
LE=b% = b(i) - b (j) = (LEFP)f
Al = eP1al (i)al(j)al (k)
Auk—ﬁaﬁvaa() ()aW(k) (9)

Bl = €apyb™(i)b¥ ()b (k)
Bl = ePVby(i)bs(j)by (k)
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LSH operators in SU(3)-string operators

Sa>t = b(R)at)!
S = b (R)™a = (50711
Sa¥ = al(R)ay”
Sa¥ = a(R)yle = (53%7)1
523+ = bi(R)™]
P2 = b(R)at® = (SE3)f
5237 = a(R)“a
S = al(R)awl = (577

(10)
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LSH operators in SU(3)-string operators

Set = b(L)av™®
ShE = (L) = (S5
52[,?;_ = aT(L)oﬂﬁa
53,3+

23 = (L)t = (533)
o = bi(L)*y), ()
o = b(L)ar® = (St
Saa” = a(L) s
Soat = at (Lol = (S227)

Ming Yang (University of Cambridge) Lattice QCD and SU(3) Gauge October 12, 2021 11/15



LSH operators in SU(3)-hadron operators

1
HH = — ol

1
—_— B.o _
H™™ = Satns

— (H++)T

(12)
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LSH operators in SU(3)-number operators

@ gauge flux operators
N, =a'(L)-a(L)

Ng = a/(R) - a(R) )

My = b'(L) - b(L)

Mg = b(R) - b(R)
@ quark number operator
Ny = ¢T3, (14)
Nj = iy

Ming Yang (University of Cambridge) Lattice QCD and SU(3) Gauge October 12, 2021 13 /15



Further work

@ finish the commutation relation between the operators
o rewrite Kogut-Susskind Hamiltonian in LSH operators

@ develop quantum simulation algorithms for SU(3) LGT from this
formulation
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